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Part 1 

Theorem 1 (Chord Theorem – “Power of a Point”). Let Γ be a circle, and 𝑃 a point. Let a line 

through 𝑃 meet Γ at points 𝐴 and 𝐵, and let another line through 𝑃 meet Γ at points 𝐶 and 𝐷. Then  

𝑃𝐴 ⋅ 𝑃𝐵 = 𝑃𝐶 ⋅ 𝑃𝐷 

If 𝑃 lies outside Γ and we draw 𝑃𝑇 tangent to Γ at 𝑇, then 

𝑃𝐴 ⋅ 𝑃𝐵 = 𝑃𝐶 ⋅ 𝑃𝐷 = 𝑃𝑇2 
 

 
 

Proof.  

For the first case, we have ∠𝑃𝐷𝐴 = ∠𝑃𝐵𝐶 (arc 𝐴𝐶) and ∠𝐷𝑃𝐴 = ∠𝐵𝑃𝐶 (opposite at 𝑃). So 

Δ𝑃𝐷𝐴 ∼ Δ𝑃𝐵𝐶(𝐴𝐴) and 
𝑃𝐴

𝑃𝐶
=

𝑃𝐷

𝑃𝐵
⇔ 𝑃𝐴 ⋅ 𝑃𝐵 = 𝑃𝐶 ⋅ 𝑃𝐷 

In the second case, we also have Δ𝑃𝐷𝐴 ∼ Δ𝑃𝐵𝐶(𝐴𝐴) and 𝑃𝐴 ⋅ 𝑃𝐵 = 𝑃𝐶 ⋅ 𝑃𝐷.  

 

For the other part we have ∠𝑃𝐷𝑇 = ∠𝑃𝑇𝐶 (arc 𝐶𝑇), ∠𝐷𝑃𝑇 = ∠𝑇𝑃𝐶 and  

Δ𝑃𝐷𝑇 ∼ Δ𝑃𝑇𝐶 (𝐴𝐴). The ratio of the sides gives us 
𝑃𝑇

𝑃𝐶
=

𝑃𝐷

𝑃𝑇
⇔ 𝑃𝑇2 = 𝑃𝐶 ⋅ 𝑃𝐷 

 

Theorem 2 (Converse to power of a point). Let 𝐴, 𝐵, 𝐶, 𝐷 be four distinct points. Let lines 𝐴𝐵 

and 𝐶𝐷 intersect at 𝑃. Assume that either  

(1) 𝑃 lies on both line segments 𝐴𝐵 and 𝐶𝐷, or  

(2) 𝑃 lies on neither line segments.  

Then 𝐴, 𝐵, 𝐶, 𝐷 are concyclic if and only if 𝑃𝐴 ⋅ 𝑃𝐵 = 𝑃𝐶 ⋅ 𝑃𝐷 

 

Proof.  

Suppose that 𝑃 lies on both line segments 𝐴𝐵 and 𝐶𝐷. We have ∠𝐷𝑃𝐴 = ∠𝐵𝑃𝐶 (opposite at 𝑃) 

and  

𝑃𝐴 ⋅ 𝑃𝐵 = 𝑃𝐶 ⋅ 𝑃𝐷 ⇔
𝑃𝐴

𝑃𝐶
=

𝑃𝐷

𝑃𝐵
⇔ Δ𝑃𝐷𝐴 ∼ Δ𝑃𝐵𝐶 ⇔ ∠𝑃𝐷𝐴 = ∠𝑃𝐵𝐶 

This occur iff 𝐴, 𝐵, 𝐶, 𝐷 are concyclic.  

Case (2) is analogous.  

 

Problems 

1. (AMC/2020-12B) In unit square 𝐴𝐵𝐶𝐷 the inscribed circle 𝜔 intersects 𝐶𝐷 at 𝑀 and 𝐴𝑀 

intersects 𝜔 at a point 𝑃 different from 𝑀. What is 𝐴𝑃? 

(A) 
√5

12
  (B) 

√5

10
  (C) 

√5

9
  (D) 

√5

8
  (E) 

2√5

15
 



2. (AIME I/2019) In convex quadrilateral 𝐾𝐿𝑀𝑁 side 𝑀𝑁 is perpendicular to diagonal 𝐾𝑀, side 

𝐾𝐿 is perpendicular to diagonal 𝐿𝑁, 𝑀𝑁 = 65, and 𝐾𝐿 = 28. The line through 𝐿 perpendicular 

to side 𝐾𝑁 intersects diagonal 𝐾𝑀 at 𝑂 with 𝐾𝑂 = 8. Find 𝑀𝑂. 

 

3. (Brazil/2013) Let 𝛤 be a circle and 𝐴 a point outside 𝛤. The tangent lines to 𝛤 through 𝐴 touch 

𝛤 at 𝐵 and 𝐶. Let 𝑀 be the midpoint of 𝐴𝐵. The segment 𝑀𝐶 meets 𝛤 again at 𝐷 and the line 𝐴𝐷 

meets 𝛤 again at 𝐸. Given that 𝐴𝐵 = 𝑎, 𝐵𝐶 = 𝑏, compute 𝐶𝐸 in terms of 𝑎 and 𝑏. 

 

4. (USAMO/1998) Let 𝐶1 and 𝐶2 be concentric circles, with 𝐶2 in the interior of 𝐶1 . Let 𝐴 be a 

point on 𝐶1 and 𝐵 a point on 𝐶2 such that 𝐴𝐵 is tangent to 𝐶2. Let 𝐶 be the second point of 

intersection of 𝐴𝐵 and 𝐶1 , and let 𝐷 be the midpoint of 𝐴𝐵. A line passing through 𝐴 intersects 

𝐶2 at 𝐸 and 𝐹 in such a way that the perpendicular bisectors of 𝐷𝐸 and 𝐶𝐹 intersect at a point 𝑀 

on 𝐴𝐵. Find, with proof, the ratio 𝐴𝑀/𝑀𝐶. 

 

5. (Russia/2012) Consider the parallelogram 𝐴𝐵𝐶𝐷 with obtuse angle 𝐴. Let 𝐻 be the foot of 

perpendicular from 𝐴 to the side 𝐵𝐶. The median from 𝐶 in triangle 𝐴𝐵𝐶 meets the circumcircle 

of triangle 𝐴𝐵𝐶 at the point 𝐾. Prove that points 𝐾, 𝐻, 𝐶 and 𝐷 lie on the same circle. 

 

6. (IMO 2000) Two circles Γ1 and Γ2 intersect at 𝑀 and 𝑁. Let ℓ be the common tangent to Γ1 and 

Γ2 so that 𝑀 is closer to ℓ than 𝑁 is. Let ℓ touch Γ1 at 𝐴 and Γ2 at 𝐵. Let the line through 𝑀 parallel 

to ℓ meet the circle Γ1 again at 𝐶 and the circle Γ2 again at 𝐷. Lines 𝐶𝐴 and 𝐷𝐵 meet at 𝐸; lines 

𝐴𝑁 and 𝐶𝐷 meet at 𝑃; lines 𝐵𝑁 and 𝐶𝐷 meet at 𝑄. Show that 𝐸𝑃 =  𝐸𝑄. 

 

Part 2 

 

Definition (Power of a Point) The power of a point 𝑃 with respect to a circle Γ of center 𝑂 and 

radius 𝑟 is defined by  

𝑃𝑜𝑡Γ𝑃 = 𝑃𝑂2 − 𝑟2 
 

Theorem 3. If 𝑃 is inside the circle Γ and a line through 𝑃 cuts Γ at 𝐴 and 𝐵, then 

𝑃𝐴 ⋅ 𝑃𝐵 = −𝑃𝑜𝑡Γ𝑃 
 

If 𝑃 is outside the circle Γ, a line through 𝑃 cuts Γ at 𝐴 and 𝐵 and a line through 𝑃 is tangent to Γ 

at 𝑇, then 

𝑃𝐴 ⋅ 𝑃𝐵 = 𝑃𝑇2 = 𝑃𝑜𝑡Γ𝑃 
 

 
 

 

Proof.  

The line 𝑂𝑃 cross the circle on points 𝐸 and 𝐹.  

On the first case we have 𝑃𝐸 = 𝑟 + 𝑃𝑂 and 𝑃𝐹 = 𝑟 − 𝑃𝑂. By the Chrod Theorem 

𝑃𝐴 ⋅ 𝑃𝐵 = 𝑃𝐸 ⋅ 𝑃𝐹 = (𝑟 + 𝑃𝑂)(𝑟 − 𝑃𝑂) = 𝑟2 − 𝑃𝑂2 = −𝑃𝑜𝑡Γ𝑃 
The second case is analogous.  



Problems 

7. (AMC/2013-10A) In Δ𝐴𝐵𝐶, 𝐴𝐵 = 86, and 𝐴𝐶 = 97. A circle with center 𝐴 and 

radius 𝐴𝐵 intersects 𝐵𝐶 at points 𝐵 and 𝑋. Moreover 𝐵𝑋 and 𝐶𝑋 have integer lengths. What 

is 𝐵𝐶? 

(A) 11  (B) 28  (C) 33  (D) 61  (E) 72 

 

8. (AIME I/2019) Let 𝐴𝐵 be a chord of a circle 𝜔, and let 𝑃 be a point on the chord 𝐴𝐵. 

Circle 𝜔1 passes through 𝐴 and 𝑃 and is internally tangent to 𝜔. Circle 𝜔2 passes through 𝐵 and 

𝑃 and is internally tangent to 𝜔. Circles 𝜔1 and 𝜔2 intersect at points 𝑃 and 𝑄. Line 𝑃𝑄 intersects 

𝜔 at 𝑋 and 𝑌. Assume that 𝐴𝑃 = 5, 𝑃𝐵 = 3, 𝑋𝑌 = 11, and 𝑃𝑄2 =
𝑚

𝑛
, where 𝑚 and 𝑛 are 

relatively prime positive integers. Find 𝑚 + 𝑛. 

 

9. (Euler's relation) In a triangle with circumcenter 𝑂, incenter 𝐼, circumradius 𝑅, and 

inradius 𝑟, prove that  

𝑂𝐼2 = 𝑅2 − 2𝑅𝑟 
 

10. (Tuymaada/2012) Point 𝑃 is taken in the interior of the triangle 𝐴𝐵𝐶, so that 

∠𝑃𝐴𝐵 = ∠𝑃𝐶𝐵 =
1

4
(∠𝐴 + ∠𝐶) 

Let 𝐿 be the foot of the angle bisector of ∠𝐵. The line 𝑃𝐿 meets the circumcircle of Δ𝐴𝑃𝐶 at point 

𝑄. Prove that 𝑄𝐵 is the angle bisector of ∠𝐴𝑄𝐶. 

 

11. (China/2013) Two circles 𝐾1 and 𝐾2 of different radii intersect at two points 𝐴 and 𝐵, let 

𝐶 and 𝐷 be two points on 𝐾1 and 𝐾2, respectively, such that 𝐴 is the midpoint of the 

segment 𝐶𝐷. The extension of 𝐷𝐵 meets 𝐾1 at another point 𝐸, the extension of 𝐶𝐵 meets 𝐾2 at 

another point 𝐹. Let 𝑙1 and 𝑙2 be the perpendicular bisectors of 𝐶𝐷 and 𝐸𝐹, respectively.  

i) Show that 𝑙1 and 𝑙2 have a unique common point (denoted by 𝑃). 

ii) Prove that the lengths of 𝐶𝐴, 𝐴𝑃 and 𝑃𝐸 are the side lengths of a right triangle. 

 

12. (IMO Shortlist/2011) Let 𝐴1𝐴2𝐴3𝐴4 be a non-cyclic quadrilateral. Let 𝑂1 and 𝑟1 be the 

circumcenter and the circumradius of the triangle 𝐴2𝐴3𝐴4. Define 𝑂2, 𝑂3, 𝑂4 and 𝑟2, 𝑟3, 𝑟4 in a 

similar way. Prove that 
1

𝑂1𝐴1
2 − 𝑟1

2 +
1

𝑂2𝐴2
2 − 𝑟2

2 +
1

𝑂3𝐴3
2 − 𝑟3

2 +
1

𝑂4𝐴4
2 − 𝑟4

2 = 0 

 

Part 3 

Theorem 4. (Radical Axis) Given two circles Γ1 and Γ2 with different centers, the locus of the 

points 𝑃 on the plane such that the power of 𝑃 with respect to Γ1 is equal the power of 𝑃 with 

respect to Γ2 (𝑃𝑜𝑡Γ1
𝑃 = 𝑃𝑜𝑡Γ2

𝑃) is a line perpendicular to the line through the centers of Γ1 and 

Γ2.  

 

    
 



Proof. Let 𝑂1 and 𝑟1 be the center and the radius of Γ1 and 𝑂2 and 𝑟2 be the center and the radius 

of Γ2. Consider Cartesian coordinates where 𝑂1(0,0) and 𝑂2(𝑘, 0) with 𝑘 ≠ 0 because the 

circles are non-concentric.  

 

The point 𝑃(𝑥, 𝑦) have the same power when 

𝑃𝑜𝑡Γ1
𝑃 = 𝑃𝑜𝑡Γ2

𝑃 ⇔ 𝑃𝑂1
2 − 𝑟1

2 = 𝑃𝑂2
2 − 𝑟2

2 

⇔ 𝑥2 + 𝑦2 − 𝑟1
2 = (𝑥 − 𝑘)2 + 𝑦2 − 𝑟2

2 ⇔ −𝑟1
2 = −2𝑘𝑥 + 𝑘2 − 𝑟2

2 

⇔ 2𝑘𝑥 = 𝑘2 + 𝑟1
2 − 𝑟2

2 ⇔ 𝑥 =
𝑘2 + 𝑟1

2 − 𝑟2
2

2𝑘
 

 

As 𝑥 has a fixed value, we conclude that the points lie on a line perpendicular to the 𝑥 axis. 

 

Problems 

13. Let 𝜔 and 𝛾 be two circles intersecting at 𝑃 and 𝑄. Let their common external tangent touch 

𝜔 at A and 𝛾 at B. Prove that 𝑃𝑄 passes through the midpoint 𝑀 of 𝐴𝐵. 

 

14. (USAMO/2009) Given circles 𝜔1 and 𝜔1 intersecting at points 𝑋 and 𝑌, let ℓ1 be a line 

through the center of 𝜔1 intersecting 𝜔2 at points 𝑃 and 𝑄 and let ℓ2 be a line through the center 

of 𝜔2 intersecting 𝜔1 at points 𝑅 and 𝑆. Prove that if 𝑃, 𝑄, 𝑅 and 𝑆 lie on a circle then the center 

of this circle lies on line 𝑋𝑌. 

 

15. (Russia/2014) A trapezoid 𝐴𝐵𝐶𝐷 with bases 𝐴𝐵 and 𝐶𝐷 is inscribed into circle Ω. A circle 𝜔 

passes through the point 𝐶 and 𝐷, and intersects the segments 𝐶𝐴 and 𝐶𝐵 at  

𝐴1 ≠ 𝐶 and 𝐵1 ≠ 𝐷, respectively. The points 𝐴2 and 𝐵2 are symmetric to 𝐴1 and 𝐵1 with respect 

to the midpoints of 𝐶𝐴 and 𝐶𝐵, respectively. Prove that the points 𝐴, 𝐵, 𝐴2 and 𝐵2 are concyclic. 

 

16. (AIME II/2019) In acute triangle 𝐴𝐵𝐶 points 𝑃 and 𝑄 are the feet of the perpendiculars 

from 𝐶 to 𝐴𝐵 and from 𝐵 to 𝐴𝐶, respectively. Line 𝑃𝑄 intersects the circumcircle of Δ𝐴𝐵𝐶 in 

two distinct points, 𝑋 and 𝑌 and. Suppose 𝑋𝑃 = 10, 𝑃𝑄 = 25, and 𝑄𝑌 = 15. The value of 𝐴𝐵 ⋅

𝐴𝐶 can be written in the form 𝑚√𝑛 where 𝑚 and 𝑛 are positive integers, and 𝑛 is not divisible by 

the square of any prime. Find 𝑚 + 𝑛.  

17. (Japan/2011) Let 𝐴𝐵𝐶 be a given acute triangle and let 𝑀 be the midpoint of 𝐵𝐶. Draw the 

perpendicular 𝐻𝑃 from the orthocenter 𝐻 of 𝐴𝐵𝐶 to 𝐴𝑀. Show that  

𝐴𝑀 ⋅ 𝑃𝑀 = 𝐵𝑀2.  

18. (Iran TST/2011) In acute triangle 𝐴𝐵𝐶 angle 𝐵 is greater than angle 𝐶. Let 𝑀 is midpoint of 

𝐵𝐶. Let 𝐷 and 𝐸 are the feet of the altitude from 𝐶 and 𝐵, respectively. Let 𝐾 and 𝐿 are midpoint 

of 𝑀𝐸 and 𝑀𝐷, respectively. If 𝐾𝐿 intersect the line through 𝐴 parallel to 𝐵𝐶 in 𝑇, prove that 

𝑇𝐴 = 𝑇𝑀. 

19. (IMO Shortlist/1995) 𝐴𝐵𝐶 is a triangle. A circle through 𝐵 and 𝐶 meets the side 𝐴𝐵 again at 

𝐶′ and meets the side 𝐴𝐶 again at 𝐵′. Let 𝐻 be the orthocenter of 𝐴𝐵𝐶 and 𝐻′ the orthocenter of 

𝐴𝐵′𝐶′. Show that the lines 𝐵𝐵′, 𝐶𝐶′ and 𝐻𝐻′ are concurrent. 

 

20. (IMO/2013) Let 𝐴𝐵𝐶 be an acute-angled triangle with orthocentre 𝐻, and let 𝑊 be a point on 

the side 𝐵𝐶, lying strictly between 𝐵 and 𝐶. The points 𝑀 and 𝑁 are the feet of the altitudes from 

𝐵 and 𝐶, respectively. Denote by 𝜔1 the circumcircle of 𝐵𝑊𝑁, and let 𝑋 be the point on 𝜔1 such 

that 𝑊𝑋 is a diameter of 𝜔1. Analogously, denote by 𝜔2 the circumcircle of 𝐶𝑊𝑀, and let 𝑌 be 

the point on 𝜔2 such that 𝑊𝑌 is a diameter of 𝜔2. Prove that 𝑋, 𝑌 and 𝐻 are collinear. 

 

  



Part 4 

Theorem 5. (Radical Center) Given three circles, no two concentric, the three pairwise radical 

axes are either concurrent or all parallel. In the last case, the three centers are collinear.  

 

Proof. Let Γ1, Γ2 and Γ3 be the three circles with centers 𝑂1, 𝑂2 and 𝑂3 respectively. Let 𝑟12 be 

radical axis of Γ1 and Γ2 and 𝑟23 be the radical axis of Γ2 and Γ3.  

If 𝑟12 and 𝑟23 are parallel, then 𝑂1𝑂2 and 𝑂2𝑂3 are parallel. The point 𝑂2 is common and the three 

centers are collinear. The third radical axis 𝑟13 is perpendicular to the line through the centers and 

parallel to the other radical axes.  

If 𝑟12 and 𝑟23 are not parallel, then they meet at point 𝐶.  

𝑃𝑜𝑡Γ1
𝐶 = 𝑃𝑜𝑡Γ2

𝐶 = 𝑃𝑜𝑡Γ3
𝐶 ⇒ 𝑃𝑜𝑡Γ1

𝐶 = 𝑃𝑜𝑡Γ3
𝐶 ⇒ 𝐶 ∈ 𝑟13 

 

Problems 

21. (USAMO/1997) Let 𝐴𝐵𝐶 be a triangle. Take points 𝐷, 𝐸, 𝐹 on the perpendicular bisectors 

of 𝐵𝐶, 𝐶𝐴, 𝐴𝐵 respectively. Show that the lines through 𝐴, 𝐵, 𝐶 perpendicular to 𝐸𝐹, 𝐹𝐷, 𝐷𝐸 

respectively are concurrent (or parallel). 

 

22. (IberoAmerican/1999) An acute triangle Δ𝐴𝐵𝐶 is inscribed in a circle with center 𝑂. The 

altitudes of the triangle are 𝐴𝐷, 𝐵𝐸 and 𝐶𝐹.  The line 𝐸𝐹 cut the circumference on 𝑃 and 𝑄.  

a) Show that 𝑂𝐴 is perpendicular to 𝑃𝑄. 

b) If 𝑀 is the midpoint of 𝐵𝐶, show that 𝐴𝑃2 = 2 ⋅ 𝐴𝐷 ⋅ 𝑂𝑀.  

 

23. (AIME I/2016) Circles 𝜔1 and 𝜔2 intersect at points 𝑋 and 𝑌. Line ℓ is tangent to 𝜔1 and 𝜔2 

at 𝐴 and 𝐵, respectively, with line 𝐴𝐵 closer to point 𝑋 than to 𝑌. Circle 𝜔 passes through 𝐴 and 

𝐵 intersecting 𝜔1 again at 𝐷 ≠ 𝐴 and intersecting 𝜔2 again at 𝐶 ≠ 𝐵. The three points 𝐶, 𝑌, 𝐷 

are collinear, 𝑋𝐶 = 67, 𝑋𝑌 = 47 and 𝑋𝐷 = 37. Find 𝐴𝐵2.  

 

24. (IMO 1995) Let 𝐴, 𝐵, 𝐶 and 𝐷 be four distinct points on a line, in that order. The circles with 

diameters 𝐴𝐶 and 𝐵𝐷 intersect at 𝑋 and 𝑌. The line 𝑋𝑌 meets 𝐵𝐶 at 𝑍. Let 𝑃 be a point on the 

line 𝑋𝑌 other than 𝑍. The line 𝐶𝑃 intersects the circle with diameter 𝐴𝐶 at 𝐶 and 𝑀, and the line 

𝐵𝑃 intersects the circle with diameter 𝐵𝐷 at 𝐵 and 𝑁. Prove that the lines 𝐴𝑀, 𝐷𝑁, and 𝑋𝑌 are 

concurrent. 

 

25. (IMO Shortlist/2009) Let 𝐴𝐵𝐶 be a triangle. The incircle of 𝐴𝐵𝐶 touches the sides 𝐴𝐵 and 

𝐴𝐶 at the points 𝑍 and 𝑌, respectively. Let 𝐺 be the point where the lines 𝐵𝑌 and 𝐶𝑍 meet, and 

let 𝑅 and 𝑆 be points such that the two quadrilaterals 𝐵𝐶𝑌𝑅 and 𝐵𝐶𝑆𝑍 are parallelograms. Prove 

that 𝐺𝑅 = 𝐺𝑆. 

 

26. (IMO Shortlist/2011) Let 𝐴𝐵𝐶 be an acute triangle with circumcircle Ω. Let 𝐵0 be the 

midpoint of 𝐴𝐶 and let 𝐶0 be the midpoint of 𝐴𝐵. Let 𝐷 be the foot of the altitude from 𝐴, and let 

𝐺 be the centroid of the triangle 𝐴𝐵𝐶. Let 𝜔 be a circle through 𝐵0 and 𝐶0 that is tangent to the 

circle Ω at a point 𝑋 ≠ 𝐴. Prove that the points 𝐷, 𝐺, and 𝑋 are collinear. 
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